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We consider  infinite mat r i ces  with entries from Z (and only finitely m a n y  nonzero entr ies  on 
any  row). A m a t r i x  A is par t i t ion  regular  over N provided tha t ,  whenever  the  set  N of posit ive 

integers  is par t i t ioned  into finitely m a n y  classes there  is a vector x with entries in Z such t h a t  

all entr ies  of A x  lie in the  s ame  cell of  the  par t i t ion.  We show tha t ,  in marked  cont ras t  with  the  
s i tua t ion  for finite mat r ices ,  there  exists  a finite par t i t ion  of N no cell of  which conta ins  solut ions  
for all par t i t ion  regular  mat r ices  and  de te rmine  which of our  pairs  of mat r ices  m u s t  always have 
solu t ions  in the  s ame  cell of  a par t i t ion.  

1. Introduction 

Let A be a matr ix  with integer entries. If A has infinitely many columns we 
demand also that  each row of A has only finitely many nonzero entries. We say 
tha t  A is part i t ion regular (over N) provided that,  whenever the set N of positive 

integers is part i t ioned into finitely many classes there is a vector -~ with entries in 
E (and with the same number of entries as A has columns) such that  all entries of 

A x  lie in the same cell of the partition. In this case we say that  the cell of the 
part i t ion contains a "solution" to A. 

The situation in the event A is finite is well understood. The classification 
,,/m of part i t ion regular matrices is in terms of ~ ,p, c) - sets" from [2]. We should 

remark that  this is an alternative definition of a parti t ion regular matrix. Instead 

of asking that  the entries of A x lie in one cell of a partition, one asks that  one can 

get x with all entries in the same cell such that  A x -~ 0 (kernel parti t ion regular). 
In the case of finite matrices, the two definitions give rise to equivalent theories. 

Definition 1.1. Let m,p,c be in N. 
_.., .__, ( m 

(a) Let x E N  m. S(m,p,c,x)=~cxt+ ~ Aixi:tE{1,2,...,m}andfort<i< 
i=t+l  

m, Ai EZ with fail < p } .  
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(b) A subset B _C N is an (re,p, e)-set if and only if there is some ~ E N m such that  

(c) An l x m matrix A is an (m,p,c)-matrix if and only if whenever ~ e N  m, and 

A x = y one has S(m,p,  c, = {Yl,Y2,...,Y~} (where g is the number of rows 
of A). 

For example, the matrix 

1 -- 2) 
1 -- 1 
1 0 
1 1 
1 2 
0 1 

is a (2,2,1)-matrix. 

The key to the characterization of partition regular finite matrices is the 
following theorem. 

Theorem 1.2. Let A be a u x v matrix with integer entries. Then A is partition 
regular if and only if  there exist m,p,c  in N and an (m,p,c)-matrix B so that 

whenever Y E Z m there exists x E 7Z v with all entries of A x included in the entries 

of B Y. 

Proof. We only sketch the proof. For a related argument we refer to [6]. 
By [2], for every (m,p,c) E N 3 and for every partition of N into finitely many 

classes, some one of these classes contains an (m,p,c)-set. This establishes the 
"only if" part. 

For the "if" part we use the following result from [2]: A matrix A is kernel 
parti t ion regular, if there exist (m,p,c)E N 3 such that every (m,p,c)-set contains 

a solution of A x -- . Now, let A x = y be partition regular. By substituting 

successively the xi's, we obtain a system AI~ = - 0  (which might be the equation 
0 = 0). Now applying the above mentioned results finishes the proof. | 

Definition 1.3. A subset D of N is "large" if and only if for all m,p,c in N there 

exists -~ e N m with S(m,p,  c,-~) C D. 

Thus a large subset of N contains solutions for all partit ion regular (finite) 
matrices by Theorem 1.2. The fundamental result to complete the understanding 
of finite parti t ion regular matrices is the following. 

Theorem 1.4. / f N  is partitioned into finitely many cells, one of these cells is large. 

Proof. This follows from [2, Satz 3.1]. | 

One can define a corresponding notion of large for infinite partit ion regular 
matrices and ask whether the analogue of Theorem 1.4 remains true. We shall 
obtain in Section 3 a strong negative answer to this question. 

Earlier investigations of infinite partit ion regular matrices led to the notion of 
an (m,p,c)-system [3], [7]. The notation below generalizes 

FS((XnlC~=l) -- { Z X n  : F  is finite nonempty subset of N) .  
nEF 
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Definition 1.5. Fix (for the remainder of the paper) an enumeration 

((rn(n), p(n), c(n)))~=l of N 3 

(a) V= x~= l~ (" ) .  
(b) Given x e V, S(7,n)=S(m(n),p(n),c(n),x(n))= 

.~(n) { c ( n ) .  + 

i=t+l 
: t �9 { 1 , 2 , . . .  and for 

i e {t + 1, t + 2 , . . . , r e ( n ) } ,  Ai �9 Z with IAil <_ p(n)~, 
) 

where ~(n)(i) denotes the i ' th entry of -~(n). 

(c) Given 7 e V  and tEN,  FS((S(-x,n))n~=e)={=~wn:F is a finite non empty 

subset of N with rain F > g and for each n �9 F, wn �9 S(-~, n) }. 

(d) A subset D of N is an (m,p,c)-system if and only if there exists some x E V 

such that  D =FS((S(-x, n)/~=l) .  

In [3] it was shown that (re,p, c)-systems are partition regular in the sense that  
whenever N is partit ioned into finitely many classes, some one of them contains 
an (re,p, c)-system. In [7] it was shown in fact that a stronger partit ion regularity 
holds: whenever an (m,p,c)-system is partitioned into finitely many classes some 
one of them contains another (m,p,c)-system. 

We were led to conjecture that perhaps (m,p,c)-systems were universal for 
infinite partit ion regular matrices in the same sense (Theorem 1.2) that  (m,p,c)- 
sets are universal for finite partition regular matrices. That  is, given an infinite 

parti t ion regular matrix A one would ask that for every -~ E V there would exist 

some ~ e  X~=lZ with all entries of AY* in FS((S(-~,n))~_I). We shall introduce in 
Section 2 a class of infinite partition regular systems which-provide a strong negative 
answer to this conjecture as well. We remark that  the corresponding question for 
kernel partit ion regular matrices also turns out to have a negative answer - -  see 
Section 4. 

In some of our proofs we utilize the topological-algebraic system (fiN, +, .), 
where f in  is the Stone-Cech compactification of the discrete space N and + and �9 
are the extensions of ordinary addition and multiplication to fin making (fiN, +) 
and (fiN, .) left topological semigroups with N contained in their topological center. 
That  is for each q �9 f in  the functions u --* q + u and u -+ q. u are continuous and 
for each x �9 N the functions u --* u + x and u --* u- x are continuous. See [5] for 
an elementary construction of the semigroups (fiN, +) and (fiN, .), whose points we 
take to be ultrafilters on N. We write No =NU(0}  = {0,1,2, . . .}.  
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2. Milliken-Taylor systems 

In 1975 K. Milliken and A. Taylor independent ly  proved a generalization of 
Ramsey ' s  Theorem which allows us to produce infinite par t i t ion regular matr ices 
which do not  arise as par t  of (re,p, c)-systems and which establish tha t  two infinite 
par t i t ion regular matrices need not have solutions in the same cell of a part i t ion.  

Definit ion 2.1. Let (Dn>n~176 be a sequence of finite nonempty  subsets of NO and let 
kEN.  

[FU((Dn)n~=l)]k< = {(UneFtDn,UneF2Dn,.. . ,UneFkDn) : F1,F2, . . . ,Fk are 
finite nonempty  subsets of N and for each i E { 1, 2 , . . . ,  k - 1}, max  Fi < min Fi+l }. 

CX~ Theo rem 2.2. (Milliken, Taylor) Let  (Dn)n=l be a sequence of finite n o n e m p t y  
subsets of  N0 such tha t  t:or each n E N, maxDn < m i n D n + l .  Let  k,r E N and let 
[FU(<Dn)~_I)]k< _ r . ", oo - U i = I B  ~. There exist i 6 { 1 , 2 , . ,  r} and a sequence (Hn)n= 1 of 
finite nonempty subsets of  N such tha t  for each n, m a x H n  < m i n H n + l  and, KEn = 

UteH,~ Dt, then [FU( <En)~n=l)lk< C Ui. 
Proof .  [8, Theorem 2.2], [9, Lemma 2.2]. II 

We introduce now systems mot ivated  by this theorem. 
_-+ 

OO Definition 2.3. Let a = ( a l , a 2 , . . . , a k )  be a finite sequence in N and let (Xn}n=l 
"~ OO be a sequence in N. Then  the Milliken-Taylor sys tem for ~' is M T ( a ,  (Xn)n=l)= 

k 
E E xn: are finite nonempty subsets of N with maxF, < 

k t=l- nEFt 

m i n F t + l  for tE  {1,2, . . .  , h -  1}}. 

Observe tha t  any Milliken-Taylor system MT(-E, (Xn)~___l) is generated by a 
matr ix- in  fact by any of uncountably  many matrices obtained from one another  by 
permut ing  rows. For example if 

A = 

I1  2 0 
0 1 2 
1 0 2 
1 1 2 
1 2 2 
0 0 1 
0 1 0 
0 1 1 
0 1 2 
1 0 0 
1 0 1 
1 0 2 
1 1 0 
1 1 1 
1 1 2 
1 2 0 
1 2 2 

0 0 . . . ' ~  

0 0 .. 
0 0 .. 
0 0 .. 
0 0 .. 
2 0 .. 
2 0 .. 
2 0 .. 
2 0 .. 
2 0 .. 
2 0 .. 
2 0 .. 
2 0 .. 
2 0 .. 
2 0 .. 
2 0 .. 
2 0 .. 
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o O  then MT((1 ,2) ,  (Xn>n=l)is the set of entries in A x .  

Definition 2.4. If -a is a finite sequence in l~ and A is an infinite matrix such that  
Oo for each x = (Xn)~=l ,MT(a , (Xn)n=l )  is the set of entries of A x ,  then A is said 

to generate Milliken-Taylor systems for 3 .  

--~ OO Theorem 2.5. Let a be a finite sequence in N and let (Yn>n= 1 be a sequence in N. 
H Let N =  Ur=lBi. Then there is a sequence ( n)n=l of finite nonempty subsets of 

N with m a x H n  < m i n H n + l  for each n E N and there is some i E {1,2,. . .  ,r} such 
- ' ~  O 0  that, i f  xn = ~ yt, then M T ( a , ( x n l n = l )  C Bi. In particular, i r A  is n matrix 

E H n  
___0 

generating Milliken-Taylor systems for a, then A is partition regular. 

Proof. For each n let Dn = {n}, so that  UnEFD n ~-- F. Let k be the length of 

a and for i E {1,2,. . .  ,r}, let $ i  = {(F1,F2,. . .  ,Fk): each Ft is a finite nonempty 
k 

subset of N and for t E { 1 , 2 , . . . , k } , m a x F t < m i n F t + l  and ~ at" ~ y n e B i } .  Pick 
t----1 nEFt 

OO i E {1 ,2 , . . . , r}  and (Ha)n=1 as guaranteed by Theorem 2.2. For each n, let xn = 
~yt .  

e E H., 

To see that  M T ( a ,  (Xn)n=l) C_ Bi, let F1, F2,. . . ,  Fk be finite nonempty subsets 
of N with maxFt  < minF t+ l ,  for t E {1,2,. . .  ,k - 1}. For each n, Hn = UeEHnD/ 

so [FU((Hn)n~=l)]k< C_ J3i. For each t E {1,2, . . . ,k},  let Gt = OnEFtHn. Then 
k k 

(G1,G2, . . .  ,Gk) E [FU((Hn}n~=l)]k< so E at" E Y e  E Bi. Since E at" E Y e  = 
' t=l  ~6Gt t = l  g6Gt 

k k 
E a t "  E E Ye= E at" E Xn, we are done. 
t=l  n6Ftg6Hn t = l  n6Ft 

As an immediate consequence, we see that  Milliken-Taylor systems are them- 
selves part i t ion regular. 

OO Corollary 2.6. Let (Yn)n=l be a sequence in N, let a '  be a finite sequence in N, 

and let M T  ( ~ ,  (Yn ) n~176 l ) = Ur= l Bi . Then there exist i6  {1, 2 , . . . ,  r} and a sequence 
- -~ O 0  

<Xn>n~176 , such  t h a t  M T (  a , (Xn)n=l ) C Bi. [ 

The Milliken-Taylor systems provide already a counterexample to our conjec- 
ture about  universality of (m,p,c)-systems. Although it is not hard to verify this 
directly we omit the verification here since the conclusion is an immediate corollary 
of our results in Section 3. 

We now extend the Milliken-Taylor systems in the same way that  (m,p,c)- 
systems extend finite sums. 

Definition 2.7. Let ~ E V and let -~ = (a l ,a2 , . . . ,ak)  be a finite sequence in 5I 
~ c k 

and let g E N. Then M T ( a , ( S ( x , n ) ) ~ = e )  = t ~ at" ~ wn : F1,F'2,.. . ,Fk are 
t = l  nEFt 
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finite nonempty subsets of N with l < minFl  and with maxFt  < minFt+l  for t E 

{ 1 , 2 , . . . , k - I }  and i fnEUkt=lFt ,  then w n E S ( ~ , n ) } .  We call such a sys t em a 

Milliken-Taylor ( m, p, c)-system, 

Then MT((1), {S(x, n) /n=l)  = FS((S(x ,  n)/n~=l). That  is, the Milliken-Taylor 
(m,p,c) systems generalize the ordinary (m,p,c)-systems. As with the ordinary 
Milliken-Taylor systems, the Milliken-Taylor (m,p, c)-systems are generated by ma- 
trices. 

In order to state our theorem about the partition regularity of Milliken-Taylor 
(re,p, c)-systems in their full generality, we need to introduce some more notation 
from [7]. Recall that  we are taking the points of/3N to be ultrafilters on N (the 
points of N being identified with the principal ultrafilters). For q E ~3N and A C N, 
the statements "AEq" and "cl~r~A is a neighborhood of q" are synonymous. 

Definition 2.8. 
(a) U={qEj3N: for each AEq there exists -~ E V such that  for all hEN, S (~ ,n )  C 

A}. 
(b) Given ~EV,  T (x )  oo --* : V u n z : l c t z N F S ( < S (  ~, n))~:~) 
(c) V* = { - ~ E V :  for each hEN,  each aES(-~,n), and each bES(-~,n+l),  if t =  

max{i:2 i _< a}, then 2 ~+1 divides b}. 

(d) For -x E V* and a E FS(<S(-~,n)l~176 is the unique finite nonempty 

subset of N such that  there is a choice of wn E S(x ,  n) for each n E F(-~, a) so 
that  a :  ~ Wn. 

n~F(~,a) 
(e) For -x E V* we say ~ refines -~ if and only if y E V*,FS((S(Y,n)IC~n= 1 ) C 

O O  ---4 ---4 

FS( (S ( z  ,n)>n=l) and for each hEN, each aE S(Y ,n), and each bES(Y , n + l )  

one has m a x F ( ~ ,  a) < minF(-x, b). 

Observe that  if -~, y ,  and z are in V*, refines x and ~ refines y,  then ~' 
refines x. 

One can achieve the "in particular" part of the following Theorem 2.10 in 
a fashion similar to the derivation of Theorem 2.5, replacing the appeal to the 
Milliken-Taylor Theorem (Theorem 2.2) by an appeal to [7]. However, Theorem 
2.10 gives additional information about the algebraic structure of/3N. Observe that  
for h E N  and p in fiN, by a.p we mean the product of a and p in (/3N,.) and not 
the sum of p with itself a times. In particular, given A C_ N,A E a.p if and only if 
A/aEp where A / a = { x E N : x . a E  A} (and of course given p, qE ~N and A C_N, A e 
p+q if and only if { x E N : A - x e p } E q ) .  

Lemma 2.9. Let -xEV, let ~=(al,a2,... ,ak) be a finite sequence in N and let pe  
T( x ). Then for each eE N, MT(  a, (S( x ,n))n=t) Ea k .p+ak_ 1 . p + . . .  + a l  .p. 

Proof. We prove the lemma (for all ~ E N) by induction on k. First assume k = 

1 and let ~ E N given. Since p e T(~)  we have FS((S(x,n))n=t) E p. Then 

MT( (al), (S( x, n)}n=~) = a l '  FS( (S(  x, n))n=l) e al "p. 
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Now let k > 1 and assume the lemma has been established for all sequences of 

length k - 1  and all fEN.  Let A=MT(a,(S(-x,n))~n=e). We show that  MT((al),  

(S(x,n))n=g) C {x E N: A -  x E a k . p + . . .  +a2.p},  which will suffice. Let z E 

MT((al),(S(-~,n))~=I) and pick a finite set F1 C_ {g,g+ 1,...} and for each n E 

F1, pick wnES(-~,n) such that  z=al"  ~ wn. Let v : m a x F l + l .  Then by the 
nEF1 

induction hypothesis MT((a2, a3,...,ak), (S(~, n))~=v) E ak "p + . . .  + a2 'p, while 

MT((a2, a3,..., ak), (S(x,  n))n~:v) C A -  z. I 

Theorem 2.10. Let x E V*, let a - -  (at,a2,... ,ak) be a [inite sequence in N, let p be 

an idempotent in T(-~), and let A E ak.p+ak_l.p+...+al'p. There exists -y reining 

such that MT(-~, (S(-Y,n))~=l) C A. In particular, if MT(-~, (S(~,n))~=I) = 

Uir=lAi, then there exist some y reining x and some i E {1,2, . . . , r} such that 

MT(  a, (S( y, n))n~ ) c_C_ di. 

Proof. We show first that  the "In particular" statement follows. By [7, Lemma 2.4] 

T(~') is a compact subsemigroup of (/3N,+) so by [4, Corollary 2.10] we may pick 
?- 

s u c h  an idempotent p E T(x) .  By Lemma 2.9, Ui=lA i E a k .p +.. .  + al "p so pick 
some iE{1 ,2 , . . . , r }  such that  AiEa  k .p+. . .+a l .p .  

We now proceed to inductively construct y (n) for n E N, as well as a few 

auxiliary items needed for the induction. Specifically we choose y (n) E N m(n) , Dn E 
p, En Ep, g(n) eN,~-(n) EN, and for tEN with 1 <t<min{n,k},Bn,t  Ea k .P+ak_ 1 �9 
p +...  + at "p and Cn,t E at "p satisfying the following induction hypotheses: 
(1) Bn,I= A and for tE {2,3,.. . ,min{n,k}}, Bn , t=M{Bj , t_ l -a t_ l .  ~ we: FC_ 

eEF 
{ t - - l , t , . . . , n - -1}  and j = m i n F  and for all gEF, weES(-Y,g)}. 

(2) For tE{1 ,2 , . . . ,m in{n ,k -1}} ,Cn , t={xEN:Bn , t -XEak .p+. . .+a t+l .p}  and 
if n >_ k, Cn, k = Bn, k. 

(3) DnC_Cn,1/al and i f n > l ,  

Dn = Dn-1 N N2 T(n-1)+l n FS( (S (x ,  m))m=g(n_l)+l)n 

f-lmin{n,k} ..-, . ---* 
t=l C,n,t/a t 71 fl{Dn_ 1 -- w : w E S ( Y , n  -- 1)}. 

(4) 
(5) "~Hm=g(n-1)+l) and 
(6) r(n):max{sEN:3aES(-y,n) with 2"<a}. 

To ground the induction let g ( 0 ) :  0 let B1,1 = A and let C1,1 ---{x E N:BI , I -X E 
ak "P+... + a2 "p} unless k = 1 in which case C1,1 = BI,1. Let D 1 = Cl,1/a 1. Since 
C1,1 Eal-p,  D1 Ep=p+p. Let E I = { x E N : D I - x E p } .  Since pEU and D1ME 1Ep, 

pick Y'(1) ENm(1) such that  S(Y, 1) C_D1NE1. Pick g(1) EN such that  S(Y',I) _C 
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g(1) ~'(1) max{s �9 IN: there is some a �9 S ( y ,  1) with 2 s < FS((S(x,m))m=l) and let = 
a}. All hypotheses are satisfied. 

Now let n > 1 and assume the construction has proceeded through n - 1 .  Let 
Bn,t and Cn,t for t E {1,2,. . .  ,min{n,k}} be as required by hypotheses (1) and (2) 
and let Dn and En be as required by hypotheses (3) and (4). 

Before proceeding to the choice of Y (n), we show that these sets chosen above 
are where they are supposed to be. To do this we show first by induction on I F ] 

that  if F_C { 1 , 2 , - . . , n - 1 } , j = m i n F ,  and for each eEF, wiES(-ff,(), then E we �9 
gEF  

Of. If F = {j} this follows from hypothesis (5) so assmne IFI > 1 and let r = 
m i n F \  {j}. Then by our subsidiary induction hypothesis we have ~ wt � 9  

f E F \ { j }  

By hypothesis (3) Dr C Dj+I C D j - w j  so that  ~ wl �9 Dj as claimed. Certainly 
~6F 

Bn,1 �9 ak 'P+... + a l  .p. Let t �9 {2,3,. . .  ,min{n,/r Now Bn,t is the intersection 
of finitely many sets of the form Bj,t-1 - at-1 " ~ wt so it suffices to show that  

~EF 
each of these is in a k .p+. . .+at .p .  To this end, let F C { t - l , t , . . . , n - 1 } ,  let 

j = m i n F ,  and for each g E F ,  let weES(Y,g ). As we have seen, then ~ w~EDj. 
g E F  

By hypothesis (3) Dj C_ Cj,t-1/at-1 so at-l" ~ w~ �9 Cj,t-1 so by hypothesis (2) 
gEF  

Bn,t-i -a t - t "  ~ wtEa~ .p+... +at'p as required. Given t 6  {1,2, . . . ,min{n,k}} 
~eF 

we have Bn,t 6ak "p+... +at "p so one concludes immediately that Cn,t Eat "p. 
Now Dn-1 6p. Since p:p+p, l~2  "r(n-1)+l 6p. In fact, for any g E N ,  we 

have l~tg �9 p. The easiest way to see this is to consider the congruence classes 

mod [. Since p E T(x),  we have FS((S(m,m))m:g(n_l)+l) e p. Given t E 

{1,2,...,min{n,k}},Cn,t �9 at .p so Cn,t/at �9 p. Since S ( y , n -  1) C_ En-1 by 
- . . 4  

hypothesis (5) we have Dn-1 - w  Ep for each w E S( Y, n -  1). Consequently Dn 6p. 
Since Dn � 9  En 6p. 

Now DnaEnEp and pEU, so pick y(n)eN re(n) with S( y ,n) C DnAEn. 

As Dn C FS( (S(Y,m))~n)g(n_i)+i ) pick g(n) with 

S(Y, n) C FS((S(--X,--"g(n) 
-- 'll~)/ra=g(n_l)+l}" 

Let 7(n) be as required by condition (6). 
The induction being complete observe that  the choice of T(?-t,) guarantees that  

Y E V* and the choice of g(n) guarantees that Y refines -~. To complete the proof 

we want to show that MT(a,  (S(Y,n))n~_J C_ A. To this end, let F1, F2, . . . ,  Fk be 
finite nonempty subsets of 1~t with maxFt  < minFt+l ,  for t E {1,2, . . . ,  k - 1 }  and for 

each e E U~_lFt pick we E S(Y*,f). Let n(t) = minFt and note that n(t) > t. We 
show by downward induction o n t E { 1 , 2 , . . . , k } t h a t a k .  ~ wt+...+at" ~ wee 

~6F~ s 
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Bn(t),t. For t = k we have by hypothesis (3) that  Dn(k) C_ Cn(k),k/a k. As we have 
previously established ~ we E Dn(k), so ak" Y~ we E Cn(k),k = Bn(k)~k. Now let 

e~Fk e~Fk 
t E {2,3, . . . ,k} and assume ak" ~ w e + . . . + a t "  ~ w~ E Bn(t),t. By hypothesis 

~EFk ~F~ 
(1) Bn(t),t C B n ( t _ l ) , t _ l - a t _  1. ~ we, so a k. ~ w e + . . . + a t _  1. ~ wg. E 

lEFt-1 iEFk ~EFt-1 
Bn(t_l), t_ 1 as required. Thus we have a k. y~. wg+. . .+a  1 �9 ~ wgEBn(1),I=A. I 

s eEF1 

Recall that  we are investigating the question of whether for any finite partition 
of N one cell contains solutions to all partition regular infinite matrices. Before 
providing a strong negative answer to this question in the next section we close this 
section with two results which establish a certain amount of uniformity among the 
Milliken-Taylor (ra, p, e)-systems. 

T Corollary 2.11. Let B be a ~nite set of ~nite sequences in N and let N = Ui=lA i. 

There exists ~ E V* such that for each -~ E B there is some i E {1,2, . . . , r} with 

M T (  a, (S( x ,  n)}n=l) CAi. 

Proof. Pick any Y0 E V* and apply Theorem 2.10 ]B[ times, in each case refining 
the previously chosen sequence. I 

Recall that  a subset A of N is "large" if and only if for each m,p,c in N there 
is some x E N  m such that S(m,p ,c ,x )C_A.  Thus U={qE~N:  for each A E q , A  is 
large }. 

Theorem 2.12. Let a = (al , . . .  ,ak) be a ~nite sequence in N and let 1~ = Ur=IAi. 
Then there exists i E {1,2,... ,r} such that 
(1) Ai is large and 

(2) there is some x E V *  with MT(a,(S(x,n)}n~=l)C_Ai.  

Proof. By [2, Lemma 2] U is a compact subsemigroup of (/31~, +) and by [7, Lemma 

2.4] so is T(-x). So pick by [4, Corollary 2.10] an idempotent p in T(x) .  By 
[1, Lemma 2.2], U is an ideal of (fiN,-) so that each a t . p  E U. Consequently, 
a k "p+ak_ 1 "p+.. .  + a l  .pE U. Pick iE {1,2,... ,r} such that  Ai E ak .p+. . .  + a l  .p. 
Since ak'p+...+a~.p E U, conclusion (1) holds while conclusion (2) holds by Theorem 
2.10. | 

It is a consequence of results in the next section that  one cannot strengthen 
OO Theorem 2.12 to read "Ai contains an (m,p,c)-system',  since F S ( ( S ( x , n ) l n = l ) -  

(x) MT((1), (A'(x, n)}n=l). 

3. Separating Milliken-Taylor Systems 

We restrict our attention here to ordinary Milliken-Taylor systems. That is, 
sets of the form MT(-~, (Xn}nO~ (Definition 2.3). 
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Definition 3.1. 
(a) S = {-a: ~ is a finite sequence in N}. 
(b) The function c:S---* S deletes any consecutive repeated terms. 

(So c((1,3,1,1, 2,2,2))--  (1, 3,1, 2).) 

(c) An element ~' of S is "compressed" if and only if a---c(a ' ) .  

(d) An equivalence relation ~ on S is defined by a ,~ -b if and only if there is a 

(positive) rational a such that a .  c( a ) - c( b ). 

Theorem 3.2. Let -~,-b E S and assume -a ~ -b. Then whenever N -- 
Ui=IA,  , r  - there exist i E {1,2,. . .  , r} and  two sequences (Xn)n= 1~176 and (Yn)n= 1~176 with 

Mr(-a,  (Xn)nC~=l) C Ai and MT(-b, (Yn)~=I) C_ Ai. 

Proof. Observe that  MT(-~,(Xn)~n=A) C MT(c(-a),(xn)~=l) for any sequence 
(Xn)~=l. (If at = at+l then at+l" ).~ x i + a t .  ~ x~-~ at" ~ x~). Con- 

lEFt+l s s 

sequently we may presume a and b are compressed and hence that  for some 

--* m and let positive rational a we have a a  = b. Pick m,r E N such that c~ = 7 
OC d = ma .  Pick by Theorem 2.5 some sequence (Zn)n=l and some i E {1,2,. .. ,r} 

o o  with MT(d,(Zn)n=l)C Ai. For each n let x n = m ' z n  and let Yn =r'Zn.  Then 
OO MT(-a , (Xn)n=l ) : MT(  b, (Yn)n~176 1) ~-MT( d, (Zn)n~176 I 

The rest of this section is devoted to a proof of the converse of Theorem 3.2, 
which we state below. 

Theorem 3.3. Let -~,-b E S and assume that whenever t E N  and N-Ui=lA, ,  there 
OO OO --~ 0(3 exist i E {1,2,. . .  ,r} and sequences (Xn>n=l and (Yn>n=I with MT(  a, (Xn>n=l) C_ 

Ai and MT(a,(yn)~=I)C_Ai. Then a ~ b. 

The proof will include a sequence of lemmas. We start by noting that  we may 
restrict our attention to compressed sequences. 

0 O  OG Lemma 3.4. Let -~ E S and let (Xn)n=l be a sequence in N. There exists (Yn)n=I 
oo C such that MT(c( a ), (Yn)n=l) _ MT( a, (Xn)~_l). 

Proof. Let ~ be the largest integer such that  there is some t with a t - -a~+l  . . . . .  

at..k~_ 1. For each n let Yn ~- ~ Xs I 
i=l 

As a consequence of Lemma 3.4 and the fact that always MT(-~, (Xn)n=l) C_ 
--'+ OO MT(c(a) ,  (Xn)n=l) it suffices to restrict our attention to compressed sequences. 

We will adopt the common "chromatic" terminology and talk about a finite 
"coloring" of N rather than dividing N into finitely many classes. Our construction 
is somewhat complex, so we start  with an informal presentation of a special case, 

namely when the compressed sequences a and b, called patterns in the following, 
consist of powers of 2. 
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Take a pattern,  i.e. a compressed sequence, say 1, 2, 4. 
The length (3, here) will be n. We will start by putting on more and more colors 

X c ~  in a coloring, so that  more and more is forced on a sequence ( i)i=l for which the 
X o o  Milliken-Taylor system generated by the pat tern and ( i}i=1 is monochromatic, and 

then at the end we will distinguish two arbitrary patterns of the form 2al , . . . ,  2 a ' .  
When a number is written in binary, its start will be the position of its most 

significant 1 (the unit digit is position 0, etc.), its end will be the position of its least 
significant 1, and its gap sequence will be the sequence of gaps between consecutive 
ls. For example, the number 11001000100 has start 10, end 2, and gap sequence 
0,2,3. 

Pick a number k, much larger than a, b, c and n. Suppose we have a sequence 
Xl,X2,. . .  such that  all the numbers formed by the pattern 1,2,4 on the xi have 
the same color in some given coloring. By taking linear combinations, we may as 
well assume that  each xi starts way to the left of xi_ 1. Say the end of xi is at 
least k greater than the start  of xi-1.  From now on, any reference to an xi will be 
restricted to i>n ,  so that each xi could occur in a sum with coefficient 1,2 or 4. 

Color by start mod k and end rood k (i.e., we have k 2 colors so far). Then all 
the 4xi start  in the same place mod k (as i > n), so all the xi start in the same place 
mod k. Similarly, all the xi end in the same place mod k. Thus the gap between 
an xi and an xi-1 is fixed rood k: say it is g (so, rood k,g is the difference between 
the end of xi and the start of xi-1,  with 1 subtracted). 

Now color by the number, mod k, of gaps of length congruent to j mod k, for 
each 0 < j < k. So we have k k new colors (and hence k k+2 colors in total). Given 
a number y formed from the pattern (in other words, belonging to the Milliken- 

�9 OO Taylor system generated by the pattern and <xz}i=l), say ending with 4xi_ 1 (i.e. 
the largest x in the sum forming y is xi-1,  with of course coefficient 4), we are free 
to add 4xi or not, as we please - both y and y + 4xi must have the same color. 
Now, adding 4xi to y puts in some new gaps: one of length g (rood k), and also 
all the gaps inside xi. We conclude that the distribution of gap-lengths (mod k) 
inside each x i is the same, namely: the number of gaps in the gap sequence of xi 
which are congruent to j mod k is -1 if j -=g mod k, and 0 otherwise ( ' - 1 '  and '0' 
are meant rood k). 

We remark that at this stage we can already distinguish various patterns. For 
example, what is the gap-distribution for our pattern 1,2,47 Any y in that  pat tern 
must have gap-distribution as follows: - 3  gaps of length g rood k, 2 gaps of length 
g + 1 mod k, and no gap of length each other j mod k. So, having colored N 
like this, and found our xi, we can read off the value of g - it is that  value mod 
k for which the number of gaps congruent to it is -3 .  Thus to distinguish 1,2,4 
from 2,4,16, say, we pick our large k (larger than the numbers in both patterns), 
color N as above, and find our alleged xi for 1,2,4 and x~ for 2,4,16. Then the 
distribution vector for the pattern on the xi is of the form (0, 0 , . . . ,  0, - 3 ,  2, 0 , . . . ,  0) 
(where the j t h  entry in this vector is supposed to denote the number of gaps of 
length j mod k). However, the distribution vector for the other pattern is of the 
form (0,0, . . .  , 0 , -3 ,  1,1,0, . . .  ,0). No vector is of both these forms, so we are done. 

Of course, we cannot yet distinguish 1,2,8 from 1,4,8, and we certainly cannot 
distinguish 1,2,1,4,1 from 1,4,1,2,1. So we proceed to more colors. The next bit 
will do both (i.e., we won't have some more colors just to distinguish 1,2,8 from 
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1,4,8--we'll go for the whole 1,2,1,4,1 versus 1,4,1,2,1). One little remark: if we 
added colors to see where (rood k) each gap started (how many gaps of length j 
start in position h, and so oa), we would indeed be able to distinguish 1,2,8 from 
1,4,8. However, we would still not be able to distinguish 1,2,1,4,1 from 1,4,1,2,1, 
and it just happens that the colors we will use for this do not need to involve the 
start  position. 

Introduce new colors as follows, keeping all the old colors as well. For each 
ordered pair (h,j) of numbers mod k, we count how many times in the gap sequence 
of x (the number we are coloring) we have an h followed later by a k, which gives 

k k~ new colors. Note that  we do not insist that  the j must be immediately after 
the h, and each h and j can be counted lots of times. For example, if x has gap 
sequence (2,1,3,2,7,1,7) then the ordered pair (2,1) occurs 3 times, while the ordered 
pair (3,7) occurs twice, and the pair (2,2) occurs once. 

What  happens when we consider a y in the pattern, say ending with 4xi_l?  
We know that y and y + 4xi must have the same color. But what have we done 
to the ordered-pair-counts when we put on this 4xi? Thinking of y + 4xi as being 
made up of 4xi, then a "dividing gap" (of length g) between the 4xi and the y, and 
then the y, we have three places new gap-pairs could come in: (A) pairs of gaps 
both in the 4xi, (B) pairs of gaps of which the first is in the 4xi and the second 
is the dividing gap, and (C) pairs of gaps of which the first is either in 4xi or the 
dividing gap and the second is in the y. Now, (C) contributes nothing at all to 
any pair (h, j ) ,  for the simple reason that the gaps of xi, together with one g, have 
distribution vector (0, . . . ,0) ,  as we saw a few paragraphs ago. (B) is easy: it adds 
- 1  copies of (g,g) and 0 copies of everything else (again, this is by the distribution 
vector of xi). We conclude that the pair-counts inside xi must be 1 for (g,g) and 0 
for each other (h, j) .  

So each xi has gap count of - 1  gaps of length g and 0 of each other length, and 
we also know that  each xi has gap-pair count of 1 ordered pair of gaps of lengths 
(g,g) and 0 of each other pair of lengths. Thus, for example, a pattern element 
formed from the pattern (1,2) will have gap-pairs counts as follows (for some g): 3 
of type (g,g), - 1  of type (g ,g+l ) ,  - 1  of type (g+l ,g )  and 0 each other type. Note 
also that  in a pattern with n = 3 ,  for example 1,8,2, the only gap-pair count which 
is not 0 and is not of a type (a,g) or (g, b) for any a and b is the type ( g - 2 , g  + 3), 
which gets a count of 1. 

Now we look at triples (ordered triples of gaps). Just as above, when we add in 
colors for these counts we'll get that  the triples-distribution of an xi is - 1  of type 
(g,g,g) and 0 of each other type. Also, in a pattern of n = 4 ,  like 1,2,8,1, the only 
triple which does not contain a g and does not get count 0 is the triple ( -3 ,2 ,1 ) ,  
which gets a count of 1. 

Then on to quadruples, where each xi will have 1 of type (g,g,g,g) and 0 of 
each other type, and so on. Thus, in total, to distinguish any two patterns (of 
powers of 2), say the patterns 2al , . . . ,  2 a'~ and 261,..., 2 b~, where m < n, we do the 
following: 

Pick a k much larger than all the 2 a~ and 2 b~ and n. Color N by start, end, 
gap distribution, gap-pair distribution, and so on up to in -1) - tup le  distribution all 
mod k. Suppose that  we have xi for the first pattern and x~ for the second pattern 
so that  both patterns yield the same color class. We can assume that  each xi starts 
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i Then the distribution of gaps of y, far to the left to xi-1,  and similarly for the x i. 
a typical element of the first pat tern,  has - n  in exactly one place (that of length 
g, say), and all other coefficients are between 0 and n - 1 .  Similarly for y', a typical 
member  of the second pattern.  Thus m = n. 

So now we also know g. There is a unique ( n - 1 ) - t u p l e  (in the distribution 
of y) which does not contain a g and does not get coefficient 0, namely (g + a n - -  

a n -  1, g + a n -  1 - -  a n - 2 , . . . ,  g + a 2  - -  a l ) .  Hence, as this must be the same for y~, we 
have a i - a i - 1  = b i -  hi-1 for every i. Thus one pat tern is a multiple of the other, 
as required. 

Now we will turn to the general case, and present a much more formal proof 
of Theorem 3.3. 

We assume we have compressed sequences a = (al ,a2, . . . ,an) and b -- 
(bl ,b2, . . . ,bm) with the property that  whenever N is finitely colored, there exist 

0o ,0o M T ( a , ( x i ) ~ = l ) U M T ( b  ' ,oc  s e q u e n c e s  <Xi>i= 1 and with ~ -+ <xi}i=l ) monochrome @ i ) i = l  
(i.e., all elements get the same color). We assume without loss of generality that  
r n ~ n .  (We shall in fact show in Lemma 3.7 that  re=n). 

Pick a prime p > max{aibj:i  E {1,2, . . . ,  n} and j E {1,2, . . . ,  m}}. 
Let k = 2 n + l .  We write Z k = { - n , - n + l , . . . , 0 , 1 , . . . , n - l , n }  (The idea is we 

want to be able to talk about  negative members of Zk). 
Now we introduce the notion of "gap", based very loosely on our power of 2 

construction. 
Given c = ( d , e )  E { 1 , 2 , . . . , p -  1} x { p , p + l , . . . , p 2 -  1}, pick uE { 1 , 2 , . . . , p -  1} 

a n d v E { 0 , 1 , . . . , p - 1 }  such that  e = u . p + v .  Let xEN.  T h e n a  c-ga p o f x i s a n  
occurrence of dO... Ouv in the base p-expansion of x. (It does not mat ter  whether 
one requires at least one 0 between d and u, although of course one should make 
up one's mind. We shall require a 0.) The location of the gap is the location of 

g 

d. More formally, given x = ~ atpi(t) where i(1) < i(2) < . . .  < i(g) and each a t  E 
t = l  

{1,2,. . .  , p -  1}, a c - g a p  of x occurs at location i(t) if only and if at : d ,  i ( t -  1)<  
i ( t ) -  1, a t - l = u  and one of (1) t > 2 , i ( t - 2 ) = i ( t - 1 ) - l ,  and a t - 2 = v ,  or (2) t >  
2 , i ( t - 2 ) < i ( t - 1 ) - l ,  and v = 0 ,  or (3) t = 2 ,  i ( 1 )>0  and v = 0 .  

Now l e t P = { 1 , 2 , . . . , p - 1 } x { p , p + l , . . . , p 2 - 1 } .  For e a c h t E { 1 , 2 , . . . , n - 1 }  

we define a function ~t : N x pt  __+ Zk as follows. Given -~ E P and x E N, ~1 (x, c )  

is the number, mod k, of -~-gaps of x. More generally, given t E {1,2, . . . ,  n -  1 }, x E 

N, and c l ,  c2 , . . . ,  c t E P ,  ~t(x, c l ,  c2, . . . ,  ct) is the number, mod k, of ordered 
t-tuples (a l ,  a2 , . . . ,  a t )  E N t such that  a 1 < a2 < . . .  < at  and for each i E { 1, 2 , . . . ,  t}, 

a c / -gap occurs at location al  in the base p expansion of x. 
Next we define functions A : N---, {p, p + 1 , . . . ,  p2 _ 1 } and p: N---, { 1 ,2 , . . . ,  p - 1 }. 

Given x E N, A(x) represents the leftmost two significant digits of x, and p(x) is the 
rightmost nonzero digit of x, all in the base p expansion. Thus, if c E { 1, 2 , . . . , p -  1 } 
and dE {0,1,. . .  , p -  1} and for some r E No, cp r +dp  r -1  < x < cp r + (d+ 1)p r - l ,  then 
.~(x)=cp+d. If  cE { 1 , 2 , . . . , p - 1 }  and d, rEN0 and x=pr(d .p+c) ,  then p(x)=c.  

Now we are prepared to define our coloring of N. Given x and y in N, agree that  
x and y get the same color if and only if p(x)= p(y) and for each t E {1, 2 , . . . ,  n - 1 }  
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and each c l , c 2 , . . . , c t  E P,~t(X, Cl, C2 , . . . , c t ) - -qp t (y ,  c l ,  c 2 , . . . , c t ) .  (Note 
n-1 

that  there are ( p - 1 ) .  k c~ colors where a--- ~ pt (p_  1)2t.) 
t=l 

(xi)i= 1 MT(a,<cg>i=l ) We choose sequences (x,)i=l and such that  
_--+ 

M T (  b ioo , (x i / i=l)  is monochrome. By Theorem 2.5 applied to FS((xiI~=I ) = 
MT((1),(xi>~-_l) and ,oo  FS((xi>i=l) we may refine the sequence so that  (using the 
same names for the refined sequences) for each j E {1,2,. .. ,n},FS((ajxi}~~ is 
monochrome with respect to our given coloring and with respect to >, and for each 
j E { 1 , 2 , . . . , m } , f S ( { b j x ~ ) ~ l  ) is monochrome with respect to our given coloring 
and with respect to >,. Taking one further refinement we can also assume that  for 
each i E N and r E No, if pr < Xi ' then pr+3 divides xi+ 1 and similarly if pr _< x~, 

' This guarantees that for any j, sE{1,2 , . . .  ,n} there will be at then pr+3 divides x i. 
least one 0 between the rightmost nonzero digit of ajxi§ 1 and the leftmost nonzero 
digit of asx i. We may do this since given xi some pr-t-3 terms of (xj>j~176 must be 

congruent to 0 mod pr+3 and hence their sum is divisible by pr§ 
Define functions f : {1 ,2 , . . . ,n}  --* {p ,p+ 1, . . . ,p  2 -  1 } , f ' :  {1,2,. . .  ,m} --+ 

{p ,p+ 1 , . . . , p  2 -  1} ,g :  {1,2 , . . . ,n}  ~ { 1 , 2 , . . . , p - 1 } ,  and g ' :  {1 ,2 , . . . ,m} 
{ 1 , 2 , . . . , p -  1} by f ( j )  = A(ajxl),  f ' ( j )  = A(bjX'l), g(j) -- p(ajxl) ,  and g'(j) = 

- - +  

p(bjX'l). For j E {1,2 , . . . ,n} ,  let dj  = (g( j ) , f ( j ) )  and for j E {1 ,2 , . . . ,m} let 

dj  = (g'(J),H(J)). For j �9 { 1 , 2 , . . : , n - 1 }  let ~ j  = ( 9 ( j + l ) , f ( j ) )  and for j �9 
_.-+! 

{1,2,. . .  , m -  1}, let e j = (g'(j + 1), f ' ( j )) .  Thus there is a d j-gap in ajx2 + ajx l  

and an e j-gap in aj+lX2 +ajx l .  

Several of the following lemmas will be stated in terms of a,(xi)~~ 
---+! - + 1  

"--~ ! OC ! I and e j ,  corresponding lemmas for b, (x~>i=l,f ,g ,  d j, and e j  are of course also 
valid and we will feel free to utilize them. 

Lemma 3.5. Let s , j E { 1 , 2 , . . . , n }  with s<n .  Then -esTs 

Proof. Suppose -es=-dj.  Then g ( s + l ) = g ( j )  and f ( s ) - - f ( j ) .  That  is p(as+lXl)---- 
p(ajxl)  and A(aszl) -= A(ajxl).  Now aj,as+l E { 1 , 2 , . . . , p -  1} and computation 
of the rightmost nonzero digit of a product is merely multiplication rood p, so by 
cancellation we have as+ 1 = aj. 

We now claim that  since A(asxl)-~)i(ajxl) , we have as-=aj. To see this, let r 
be the position of the leftmost significant digit of xl .  That  is, pr _<Xl <p r+ l .  Let 
cp+d=A(asx l )=A(a jx l ) ,  where cE{1,2 , . . . ,p - -1}  and dE{0,1 , . . .  , p - l } .  Assume 
first that  as _< aj. If equality holds we have established our claim, so assume as < 
aj. Note that  pr <asXl <a jx l  <pr+2. 

Case 1. a jx l  < pr+l. Then (ignoring the second digit) we have cp r < asxl < 
ajx l  < (c+  1)p r, so ajxl  < (c+ 1)p r = cp r +pr  _< asxl +pr  so x 1 _< (aj - a s ) x  1 < pr, a 
contradiction. 
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Case 2. asxl  < p r + l  < ajx]. Then cp r + dp r-]  < asx 1 < cp r + (d + 1)p r - 1  and 
cpr+l+dp r < ajx l  < cpr+l+(d+l)p r so ajx l  > cpr+l+dp r =p'(c'pr +(d+l) 'pr-1)-pr  > 
p'asXl _pr. Then pr > (p'as - a j )x l  _> Xl > pr a contradiction. (Note p'as > p > aj, 
so p . a s - a j  > 1.) 

Case 3. pr+l < asxl .  Then  cp r+l +dpr< asXl < ajxl  < c_pr+l+(d+l)pr so ajx l  < 

cpr+l + dpr _~pr < asxl .~pr < asxl  ~_ Xl <<_ ajxl ,  a contradiction. 
The  case as > aj is handled the same way. 
Thus we have established tha t  as =aj.  Since we saw earlier tha t  as+l =aj ,  we 

-__+ 

have as = a s + l ,  contradict ing the fact tha t  a is a compressed sequence. I 

We first consider just  gaps - - l a t e r  we will go on to pairs of gaps, triples of gaps 
and so on. 

Lemma 3.6. Let ~ E P  and let j E { 1 , 2 , . . . , n } .  Then 

{ c ) =  - 1  if  e = dj 
~1 (ajxl ,  0 otherwise . 

Proof .  Let  g be the location of the r ightmost  nonzero digit of ajx2. There is a 
---e 

d j -gap  located at g. Consequently, we have 

q P l ( a j x 2 + a j x l , c )  = qDl(ajx2, c ) + ~ l ( a j x l , C ) + l  if c =  ~dJ 

~l(ajx2,  c )  + ~ l ( a j x l , C )  i f-~ 7~ dj.  

Since Cfll(ajx2Wajxl,-C ) -~l(ajx2,c)=~l(ajxl , -~) ,  the conclusion follows. I 

Already from Lemma 3.6, we can read off information about  our sequences. 

Let A = { d j : j e { 1 , 2 , . . . , n } }  and let A ' = { d ~ : j e { 1 , 2 , . . . , m } } .  

Lemma 3.7. A = A  I and m = n .  

Proof.  Define r:P--,zk by F ( - ~ ) = ~ l ( a n x n + a n - l X n - ]  + . . . + a l x l , c )  and note 

tha t  also r ( ~ )  / i -~ = ~1 (bmxm + b m - l X m - 1  +. . .  +blx~, c ) ,  because M T ( a ,  (xi>i~=l) U 

M T (  b, (xi}i= 1) is monochrome with respect to our given coloring. We show tha t  

A = {-~ 6 P :  F ( c )  < 0} and tha t  ~ F(-~) = - n .  Since we can conclude similarly 

c e a  
I ~ -- '+ tha t  A = { c e P :  F ( c )  < 0} and ~ F(-c) = - m ,  we will be able to conclude tha t  

t e a '  

For each j 6 {1,2, . . .  , n - 1 } ,  let f ( j )  be the location of the r ightmost  nonzero 

digit of aj+lXj+ 1. Then there is an e j -gap  of anxn+an_lXn_l +...+alx 1 located 

at g(j). Consequently,  given any c 6 P ,  

r ( c ' )  = ~l(anXn + an- lXn-1  + . . .  + nix1, c )  
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= E ~ l ( a j x j ' - ~ )  + [{j E {1,2 . . . .  , n -  1}: ~ = -~j}l 
j= l  

n 

= E ~ l ( a j x l ,  -~) + I{j E {1,2, . , n - 1 } : ~ = - e j } I .  
j= l  

If c E A, then by Lemma 3.5, c # -~j for any j E {1,2,... , n -  1} so F ( c )  = 

-I{J e {1,2 . . . .  ,n} :-c =-dj}l by Lemma 3.6. 

If -~ = -~j for some j ,  then -~ ~ A by Lemma 3.5 so by Lemma 3.6, P ( c )  = 

t{J E { 1 , 2 , . . . , n - 1 } : c = ~ j } l .  I f - c ~ A U { e j : j E { 1 , 2 , . . . , n - 1 } } ,  then by Lemma 

3.6, P ( c ) = 0 .  All conclusions follow now. I 

We now turn our attention to t-tuples of gaps. In the next lemma we compute 
---4 -'-O 

~ t ( a j x j ,  ~ l ,  C 2 , . . . ,  c t) and ~at(ajxj + f ( j ) ,  c 1, c2 , . . . ,  c t). Note that the effect of 

adding f ( j )  is to install a d j-gap at ~, where ~ is the location of the rightmost digit 
of a jx j .  This lemma is the key to the success of our construction. 

Lemma 3.8. Let j E  {1,2, . . . ,n},  Iet t e { 1 , 2 , . . . , n - 1 }  and Iet C l , C 2 , . . . , c t  E P .  

Then ~at(ajxj, c l ,  c 2 , . . .  , c t) 

0 i f ( C l ,  c 2 , . . .  , c t )  r ( d j ,  d j , . . . ,  d j )  

= - 1  i f ( C l ,  c 2 , . . . ,  c t )  = ( d j ,  d j , . . . ,  d j )  and t is odd 

1 i f  1, c 2 , . . . ,  c t )  = ( d j ,  d j , . . . ,  d j )  and t is even 

and ~ t ( a j x j  + f ( j ) ,  C l, c2 , . . . ,  c t ) = 0 .  

Proof. We establish both statements by induction on t. For t = 1, the first statement 
holds by Lemma 3.6. For the second we have that  

~ l ( a j x j  + f ( j ) , c ) =  ~al(ajxj)  i f c r  ~dJ 
[ ~ l ( a j x j ) +  l i f - ~ =  dj .  

Now let t E {2, 3, . . . ,  n--1} and assume both statements are valid for t - 1 .  Let 

E = { ( a l , a 2 , . . . , a t ) E N  t : a l < a 2 < . . . < a t  and for each iE{1,2 , . . . , t} ,  a c i -gap of 
ajxj+ 1 + a j x j  occurs at ai}. Let / be the location of the leftmost nonzero digit of 
ajxj and let r be the lo cation of the :r'~2,ttnc~t>tmttzato digi 
r > ~ + l .  

Let A =  { ( a l  , a2, . . . , at  ) E E : at  < ~ }. 
For iE {1 ,2 , . . . , t - - i} ,  let Bi={(al ,a2, . . . ,a t )  EE:a i<~  and a i+  1 >_r}. Let 

C = { ( a l , a 2  . . . .  ,at)  E E : a t  = r }  and let D =  { ( a l , a 2 , . . . , a t )  E E : a l  > r} .  Then 
the listed sets are p airwise disjoint and E = A U U~-lBi  U C U D. 

Now [A I - ~ t ( a j x j , c l , ~ 2 , . . . , c t ) ,  where this and other congruences in 
this proof are always rnod k. For i E { 1 , 2 , . . . , t -  1},[Bi[ = ~ t - i ( a j x j + l  + 
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- - ~  - - ~  ~ ----e ---+ ---# ---+ 

f ( j ) ,  Ci+l ,  c i + 2 , . . . ,  c t ) . ~ i ( a j x j ,  Cl, c 2 , . . . ,  ci) ,  for there is a d j-gap o f a j x j + l +  
- - +  

a jx j  located at r and there is a d j-gap of a j x j +  1 + f ( j )  located at r. If c l  =~ d j, 

then C = 0 .  If C l =  d j ,  then [Cl=-Wt_ l (a jx j+ l ,  c2, c 3 , . . . , c t ) .  Moreover, IDI=  

wt(a jx j+ l ,  C l ,  c 2  . . . .  , ct).  
By the induction hypothesis  we have for each iE {1 ,2 , . . .  , t - 1 }  that IBil- 0, 

since 

r  + f ( j ) ,  c . i + l , . . . ,  c t )  = O. 

Then we have that if c 1 # d j, 

(pt(ajxj+ 1 +a jxr  Cl, C9 . . . .  , ct)  
.----, ._..., ~ ---+ 

=--~t(ajxj,cl, c 2 , . . .  , c t ) + ~ t ( a j x j + l ,  Cl, c 2 , . . ,  ct)  

and if ~'1 = d j ,  then 

+99 t_ l (a jx j+ i , c2 ,  c 3 , . . .  , c t )  4 -~ t (a jx j+ l ,  c 1 , ~ 2 , .  ., c t). 

Since 

and 

wt(ajxj+ 1 + aj:rj, C l ,  c 2 , . . .  , ~ t )  = wt(ajxj,  c 1, c 2 ,  
---4 ---+ - - 4  

= wt (a j z j+ l ,  Cl, c 2 , . . . ,  ct)  

- - 4  ~ ~ ~ ~ - - ~  

cPt-l(ajXj+l,  c 2 ,  c 3 , . . . ,  c t ) =  ~gt_l(ajxj, c 2 ,  c 3 , .  ct) ,  

we conclude that when c 1 # d j ,  then qct(ajxj, c 1, c 2 , . . . ,  c t) : 0  while if c 1 = ~ j ,  

~t (aj x j ,  c 1, c 2 , . . . ,  c t) = -- ~ t -  1 (aj x j ,  c 2 , . . . ,  c t ). Thus the first statement holds. 

To establish the second equation note that if c i r d j ,  then 

~vt(ajxj + f ( j ) ,  c 1, c 2 , . . . ,  c t) 

= -  q~t(ajxj, c 1, c 2 , . . . ,  c t )  = O. 
-___, 

Thus assume -~ = d j .  Then 

+ f ( j ) ,  c 2 , . . ,  e t )  

= g P t - l ( a j x j ,  c2, c 3 , . . . ,  c t )+~f l t (a jx j ,  Cl,  c 2 , . . . ,  c t ) .  

If ( c 2 , c 3 , . . .  , c t )  # ( d j ,  d j , . . . , d j ) ,  then both of these last terms are 0. If 

( c2 ,  c a , . . . ,  c t ) =  (d  j ,  d j , . . . ,  d j ) ,  one of them is 1 and the other is - 1 .  It 

From Lemma 3.8 we can read off the effect on ajx j  of adding f ( j  - 1). 
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Lemma 3.9. Let  j E {2,3,.. .  

Then ~ t ( a j x j  + f ( j  - 1), 71,  

1 if (71, 72, 

- -1  i f  ( 7 1 , 7 2 ,  

= -1  i (71, 72, 

1 i f ( 7 1 , 7 2 ,  

0 otherwise. 

,n}, let t E { 1 , 2 , . . . , n - 1 }  and let C l , 7 2 , . . . , - ~ t  E P. 

. . . , c t) = j ,  j . . . .  , j a n d t i s e v e n  

. . . , c t ) =  j ,  d j , . . . ,  j a n d t i s o d d  

�9 . . , c t ) =  j - l ,  j , . . . , d j )  a n d t i s e v e n  

, c t ) =  j - l ,  j , . . . , d j )  a n d t i s o d d  

Proof. Note that adding f ( j -  1) installs an -~ j -Fgap  at r where r is the loca- 

tion of the rightmost nonzero digit of a jx j .  Then, if c 1 r e j - l ,  we have that  

~ot(ajx j + f ( t -  1), c 1, c 2 , . . - , 7 t )  = ~ot(ajxj, c 1, c 2 , . . . ,  c t ) ,  while if c l  = e j - 1  

we have that  ~ot(ajxj + f ( t -  1) ,C l ,C2 , . . .  ,c ' t )  = q o t - l ( a j x j , 7 2 , T 3  . . . .  , c t ) ,  since 

q o t ( a j x j , c l , c 2 , . . .  , T t ) = O .  Then the conclusion follows from Lemma 3.8. I 

We will apply the information we have learned in Lemmas 3.6 to 3.9, by starting 
with the case t = 1. 

Lemma a.10. Let  j E {1,2,.. .  ,n} and let c E P. Then ~ol(ajx j + a j _ l x j _  1 + . . .  + 

a1 1,7) 
- - 4  - " 4  - - +  

- ]{ i  E {1,2 , . . .  , j } :  c = di}[ i f  c E A 

= I { i e { 1 , 2  . . . .  , j - 1 } : c = e i } l i f c = e i f o r  

s o m e / E  { 1 , 2 , . . . , j -  1} 

0 otherwise. 

Proof. If r(i) is the location of the rightmost nonzero digit of ai+lXi+l then for 

each i E {1,2 . . . .  , j  - 1}, there is an -~i-gap of a j x j  + a j _ l X j _ l  + . . .  + n i x  1 located 
J 

at r(i) .  Consequently, T1 (a jx j  + a j _ l X j _  1 + . . .  + alXl, c )  -- E Vl (aixi,  -c ) + t{i E 
i=i 

{1,2,. . .  , j  - 1} : c  = e i }  I. Then Lemma 3.6 applies. I 

We now turn to general t-tuples of gaps. In the following two lemmas we will 
see the importance of Lemma 3.8. 

Lemma 3.11. Let  j E { 1 , 2 , . . . , n } ,  let t E { 1 , 2 , . . . , n - - 1 }  and let - ~ 1 , 7 2 , . . . , c $ E P .  
---~ ---4 ---+ 

(a) l f  ~ot(ajxj + a j _ l X j _ l  + . . .  + a l x l ,  C l, c2 , . . .  , c t) ~O , then either 

(1) { C l , 7 2 , . . . , T t } n A ~ O  , or 
(2) There exist 1 <_ s < s < ...  < s < j such that  for each i E 

{I,2,.  .. ,t}, c i =  et(i) .  
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(b) If(~)(2) holds and t = j - l ,  then ~ t (a jx j4 .a j_ lXj_14- . . .4 .a lZ l ,  c 1, c 2 , . . . ,  c t) = 
1. 

Proof. We proceed by induction on min{j,t}. If j =  1 (in which case t ~ j - 1 )  this 
is a consequence of Lemma 3.8. If t = 1 this is a consequence of Lemma 3.10. If 

(a)(2) holds and t = j - 1 ,  one has j = 2  so ] { i E { 1 , 2 , . . . , j -  1 } : c = ~ i } l = l .  
Now assume min{j, t} > 1 and the lemma is true for smaller values. We proceed 

as in the proof of Lemma 3.8. Let E = { ( a l , a 2 , . . . , a t )  EN t : a l  < a 2  < . . .  <at  and 

for each i E { 1, 2 , . . . ,  t }, a c i-gap of aj xj + a j_ 1 x j_ 1 + . . .  + a 1Xl occurs at ai }. Let t 
be the location of the leftmost nonzero digit of aj_lXj_ 1 and let r be the location 
of the rightmost nonzero digit of ajxj.  Let A = { ( a l , a 2 , . . .  ,at) E E : a t  ~e.}. 

For i e { 1 , 2 , . . . , t - 1 } ,  let B i = { ( a l , a 2 , . . . , a t )  eE:a~<_s and a i+l  ___r}. Let 
C = { ( a l , a 2 , . . .  , a t ) E E : a l  = r }  a n d  let D = { ( a l , a 2 , . . .  , a t ) E E : C t l  > r } .  T h e n  the  

t - 1  
listed sets are pairwise disjoint and E = A U  U BiUCUD. Then [A I ~.99t(aj_lxj_14.  

i=1 

aj-2xj -2+. . .+alXl , -~1, -~2, . . . , -~ t ) .  For i E {1,2,.. .  , t - l } ,  [Bi[ = Tt - i (a jx j  + f ( j -  
---+ 

1), Ci+l , -~ i+2 , . . . ,  ct)"  ~i (aj_lXj_l  + a j -2x j -2  +. . .  + alxl ,  ~1, c 2, . . . ,  c i), since 

ajxj + f ( j -  1) and ajxj 4 . a j _ l X j _  1 4-... 4-alx I both have an e j _ l - g a  p at r. 

If C l  ~ e j -1 ,  then we have that ]C t =--~t(ajxj, Cl, c2 , . . .  , c t ) ,  and if c I = 

~ j - 1 ,  then ]C I --- ~t-1 (ajxj,-c2, ~3 , . . . , -c t )  + ~t(ajxj ,  ~1,-~2,. ,-~t). And IDI =- 

~ t ( a j x j ,  C l,  c2 , . . .  , c t ) .  

A s s u m e  first t h a t  qot ( a j x  j 4- a j_  l Xj_ 1 4- . . .4 -a lXl ,  c 1, c 2,.. , c t ) ~ 0  a n d  t h a t  

{ C l , ~ ' 2 , . . . , - ~ t } M A = 0 .  Then by Lemma3.8 ,  IC] - -0  and ]D I=-0. If IA]S0 ,  
we have by the induction hypothesis that there exist 1 < ~(1) < t(2) < . . .  < t(t) < 
j - 1 such that for each i E {1,2,.. .  ,t}, we have -~i = et(i). Since then f(t) < j ,  
conclusion (2) holds. Now assume IAI-=0. Then for some iE {1,2,.. .  , t - l }  we must 

---+ - - ~  - - 4  

have IBil 7~0 so that,  in particular, ~ t _ i ( a j x j  + f ( j - 1 ) ,  c i+1, c i + 2 , . . . ,  c t) 50.  By 
----+ - - ~  

Lemma 3.9 then i = t - 1  and c t = e j -1.  Then also ~t_ l (a j_ lXj_ l  4-aj_2xj_ 24- 

�9 .. +a l  x l, c l , - ~ 2 , . . . ,  ~ t - 1 ) ~  0 so by the induction hypothesis there exist 1 < g(1) < 

... < t ( t  - 1) < j - 1 such that for each i E { 1,2, . . . ,  t - 1},-~r = e'e(i). Letting g(t) = 
j - 1 ,  we see that conclusion (2) holds. 

Turning to (b), assume that (2) holds and that t = j - 1 .  Then since 1 ~g (1 )<  
g(2) < . . .  < g(t) < j we have for each i E { 1, 2 , . . . ,  t} that t(i) = i. We have by Lemma 

3.5 that  { - ~ I , - ~2 , . . . , ~ t }AA = 0 .  Then by Lemma 3.8 [C I -= IDI =-0. If we had 
[A I ~ 0 we would have by the induction hypothesis some 1 < t '(1) < g'(2) < . . .  < 
g'(t) < j -  1 which is impossible since t = j -  1. Further, if iE {1,2~... , t - 2 }  we have 

by Lemma 3.9 that ~t - i (a jx j  + f ( j - 1 ) , ~ i + l , - ~ i + 2 , . . . , - ~ t ) =  0. Thus we must 

have ~t(ajxj  4- a j_ lXj_ l  4-... 4- alXl,-~1, c2 , . . . , - c t )  = ~1 (ajxj + f(j  - 1), ~ j - 1 )  �9 

T j _ 2 ( a j _ l X j _ l  4 -a j_2x j_  2 4-.. .  4 - a l X l ,  e 1, e 2 , . . . ,  e j - 2 ) .  T h e  first of these  t e rm s  
equals 1 by Lemma 3.9 and the second equals 1 by the induction hypothesis. I 
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Proof. First g(1):p(alXl)=p(anXn+an_lXn_lnL.. ! ' �9 +alXl)  : p (bnxn+bn- lXn_ l+  
+blx ) = 9'(1). By the dual of Lemma 3.11 we have + 

I ! ---~] ---~l ---~I 
bn_lXn_ 1 + . . . + b lX l ,  e 1, e 2 , ' . ' ,  e n _ l ) = l .  

Since ~n-1(a~x~ + a ~ - i X n - 1  + . . .  + a~xl ,  e i ,  e 2 , " ' ,  e n-~)  = ~ - 1 ( b ~ z ' ~  + 

' . .  bl 'l,-J' " bn-lXn-1 + + 1' e 2 , " ' ,  en-1) ,  we have by Lemma 3.11 that  either 
~-~1 "-*1 -~1  --"~I "--*1 "-~l  --'+ { e 1, e 2 , ' " ,  e n - 1 } n A r  or (e 1, e2,"', en-1) : (~l ,e2," ' ,  en -1 )  ' 

By the dual of Lemma 3.5, --., --,, 4 ,  } N A ' =  0, while by Lemma 3.7, e l ,  e2 , . . . ,  On_ 

A = A ' .  Thus (e~ --*' --*' --* ~ --+ , e 2 , ' " ,  e n--l) = ( e 1, e 2 , . . ' ,  e n - l )  as required. | 

The following lemma completes the proof of Theorem 3.3. 

Lemma 3.13. a' ~ ~ .  

Proof. By Lemma 3.12 we have that  for each j e {1,2,.. .  ,n} ,g( j )=g' ( j ) .  It suffices 
to show that  for j E {1,2,. . .  , n -  1} we have bj+l/aj+ 1 = bj/aj (for then, letting 

c t = b j / a j  we have ~ = ( ~ - a ) .  So let j e { 1 , 2 , . . . , n - 1 } .  Let d = p ( x l )  and let 
d' = p(x~ ). Then (with congruence mod p) we have bjd' =- p(bjx~) = g' (j) = g(j) = 
p(ajxl) =- ajd and similarly bj+ld' - aj+ld. Thus aj+lbjd' =_ aj+lajd =- aj bj+ld' so 
by cancellation we have aj+lb j =_ ajbj+ 1. Since p >  max{aj+lbj,ajbj+l} we must 
then have that  aj+lbj =ajbj+l so that  bj/aj =bj+l/aj+ 1. | 

n - - 1  
In the proof of Theorem 3.a w e  used (p-1) .k  a colors, where c~= ~ pt(p-1)2t. 

t=l 

In other words, to distinguish between -a and b, where the longer of the lengths 

of a and ~ is n and their maximum entry is M, we needed of the order of n u~'~ 

colors. We now show that  to distinguish a and b, where a ~ b, two colors will 
do. In fact, more generally we have the following result: 

Theorem 3.14. Let a ( 1 ) , - a ( 2 ) , . . . , ~ ( r )  be finite sequences such that a ( i ) ~ - ~ ( j )  
whenever i 7s j.  Then there is a. partition N = UiT~tAi such that whenever i , j  E 

___.4 
2g ~ oc) {1,2,. , .  ,r} and < n>n=l is a sequence in N with M T (  a (i), <Zn>n=l) C dj  one has 

i = j .  

Proof. By Theorem 3.3 there is for each i r j a finite coloring which distin- 
O<3 (~3 guishes between M T ( a  (i), <Xn)n=l) and M T ( a  (j), <Yn>n=l) whenever these are 

both monochrome. Consequently, by taking a common refinement, there is a par- 
tition N = U~=IB t such that there do not exist i7~ j in {1,2,. . .  , r} , t  e {1,2, . . . ,  s} 

oo X oo and sequences {xn}n=l and {Yn>n=l in N with MT(-~(i) ,{  n ) n = l ) U M T ( a ( j ) ,  
<y->,%l) _c Bt. 

For each i C {1 ,2 , . . . , r  - 1} let Ai = U{Bt : t C {1,2, . . . , s}  and there exists 

(Xn}nCC__l with MT(-a(i),  (Xn>n~=l) C Bt}. Let Ar =N\or-~Ai and note that  Ar D 

U{Bt :  t e {1,2 , . . . , s}  and there exists {Xn)n~=l with MT(a(i),{Xn>n~=l) C_ Bt} 
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r 
(some Bt's may contain no Milliken-Taylor systems). Then 1~= U Ai, so let i , j  E 

i =1  

{1 ,2 , . . . , r}  and assume we have a sequence lYn}n=l with MT(a(i) ,{yn}n=l) C 

Aj. Then MT(a(i),@n}n-1) C U{Bt : t e {1,2,... ,s} and Bt C_ Aj}. Thus by 
Corollary 2.6 we may pick-/zn}~_ 1 and t E {1,2 , . . . , s}  such that  Bt C Aj and 

MT(  a (i), (Xn}n=l) C_ Bt. Then Bt C_ Ai, so i= j .  I 

4. Separating Kernel Partition Regular Systems 

In this final section we turn our attention to kernel parti t ion regularity. Recall 
from the Introduction that  a matr ix  A (with only finitely many non-zero entries on 
each row) is said to be kernel partition regular if, whenever N is parti t ioned into 

finitely many classes, there is a vector ~ with all its entries in the same class such 

that  A x  = O. 
Our aim in this section is to exhibit kernel parti t ion matrices A and B such 

that  the diagonal matr ix  formed by A and B is not kernel parti t ion regular. In other 

words, there is a parti t ion of 51 into finitely many classes such that  whenever A x  = 
_-+  __+ _-+ _ .4  ~ +  

0 and B Y = 0 we cannot have all entries from x and belonging to the same color 
class. I t  follows that  there is no 'universal '  kernel partition regular system, and in 
particular that  (m,p,c)-systems are not universal for kernel parti t ion regularity. 

Given a matr ix  A, let us define a matrix A ~, representing the linear dependence 

of the rows of A, as follows. Let the rows of A be ~ r i : i E I ~ .  Choose a maximal 

linearly independent (over Q) set of these rows: say { r j :  j E J } .  Thus, for each 
- - +  __+ 

i E I \ o r, we may write r i as a rational linear combination of the r j : say 

r i = qj(i) r j ,  
jcg 

where each qj E Q and only finitely many of the qj are non-zero. We now let A ~ be 
the matr ix  whose rows are indexed by I \ J and whose columns are indexed by [, 
with 

( q j ( i )  i f j e g  
A~j = ~ - 1  i f j  = i 

0 otherwise. 
I t  is immediate  that  if A is parti t ion regular then A ~ is kernel parti t ion reg- 

ular. Indeed, given a finite coloring of BI, choose an integer vector x'  with A x  
- - +  / - - +  

monochromatic,  and set Yi = (Ax)i .  Then by the definition of A l we have A Y =-0.  
In the converse direction, suppose that  A t is kernel parti t ion regular. Given 

.--+ . - +  

a finite coloring of N, choose a monochromatic vector y with A ~ y = 0. Then any 

vector x satisfying (A-~)j = yj for all j E J also satisfies A-~ = y .  It  follows that  we 

may find a vector ~ ,  with all its entries rational, such that  A x  is monochromatic 
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- indeed, to solve (A-~)j =yj  for all j E J we are merely solving a family of linearly 
independent rational equations. So A is 'close' to being parti t ion regular. 

We are now ready for our main result. 

Theorem 4.1. There exist kernel partition regular matrices A and B,  and a l~nite 

coloring of N, such that  i f A x =  0 a n d B Y =  0 then x and Y cannot haveal l  
entries belonging to the same color class. 

Proof. Choose matrices A and B that  generate the Milliken-Taylor systems for 
the sequences (1) and (1,2) respectively (these two sequences are just chosen for 
convenience). Then A and B are parti t ion regular (by Theorem 2.5), and so the 
matrices A I and B I formed as above are kernel parti t ion regular. 

We claim, however, that  the diagonal matr ix  formed from A ~ and B I is not 
kernel parti t ion regular. Indeed, choose a coloring of N that  separates A from B 

(this is possible by Theorem 3.3), and suppose that  there are vectors x and y ,  

with all entries in the same class, such that  AI~  = 0 and Bry = 0. Then, by the 

above remarks, there are rational vectors z and w with all entries of A T  and B w  
belonging to the same color class. 

Now, each entry of z is also an entry of AT,  and so in fact each entry of ~ is 
an integer. Also, for any i > 2, both  wi_ 1 -t- wi q- 2Wi+l and wi_ 1 ~ 2w i ~ 2wi+ 1 are 

entries of B w ,  and so wi is an integer. However, this contradicts the choice of the 
coloring. | 

We remark that  it would not be very pleasant to write down explicitly the 
matr ix  B t in the above example. 
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